Let S denote the family of functions f(z) which are regular and univalent in the unit disc E of the complex plane and which satisfy the conditions /(0) = 0 = /'(0) -1. Let S*cS denote the class of starlike functions, namely those members of S which map E onto a domain that is starlike with respect to the origin. Libera [2] showed that if f(z)eS*, then (1) F(z) = ± \f(t)dt Z Jo also belongs to £*. In the converse direction, Livingston [4] has studied the mapping properties of the function
where F(z)eS*. The object of this paper is to generalize these results of Libera and Livingston by choosing instead of £* the class S*(a) of starlike functions of order a and replacing the definition of F(z) in (1) by (2) F(z F (z) ŵ here f(z) and g(z) are starlike functions of orders a and 7 respectively. Extensions of the results of Libera and Livingston in other directions were made by Padmanabhan [6] , Nikolaeva and Repnina, [5] , Bernardi [1] . THEOREM 1. // f(z) e S*(α) and g(z) e S*(τ), then the function
Proof. Let P(α) denote the class of all regular functions p(z) in E which satisfy the conditions p(0) = 1, Re [p(z) ] >a (0<^a<l). Examining the proof of Lemma 1 in [2] we easily find that if N and D are regular in E, N(0) = D(0) = 0, D maps E onto a many-sheeted region which is starlike with respect to origin and N'/D' e P(a), then N/DeP(a). Further we note that
Φ) =
where f(z) e S*(a), is 2-valently starlike with respect to origin by [2, Lemma 2] . Now
is also a member of P(tf). Now, g(z)eS*(7) and so 
The limiting case 7 -> 1 while a = β = 0 gives the result of Libera [2] .
Before proving our main theorem on a partial converse of Theorem 1, we prove two elementary lemmas which are important for our considerations.
Proof. A hint for the following proof is in [7] . p{z) is subordinate to the linear fractional transformation (1 + Az)/(1 + Bz) and from this it follows by elementary arguments that
If p(z) = a + u + ίv with a as defined above and
, then by a simple computation
Then where (u, v) , as a function of v, attains its minimum when v = 0 and the minimum value is given by Min S(u 9 
, where
However, since α -d^R^a + d, R takes the value R o only when α -d ^ i2 0 ^ α + d. It can be verified that i? 0 ^ a + ί, while J2 0 may not always be greater than 
Proof. Φ(z) = z~*w(z) satisfies | Φ(z) \ ^ 1 in E and so by a wellknown result, we have, Thus using Φ(z) = z~ιw(z), we get
So we have on \z\ = r, These bounds are sharp.
F(z)eS*(a) and g(z)eS*(Ύ) imply that zF\z)/F(z) e P(a) and zg'(z)/g(z) 6 P(7). Thus zf(z)/g(z)F(z) e P((a +
r)/2) and so, by a well-known representation formula, we have
where A = α + 7 -1 and w(2) is regular in E and satisfies | w{z) \f or z e E.
Let p(z) = [1 + Aw(z)][l + w(z)]~\ then we have (4) zf{z) = g(z)F(z)p(z) .
Thus,
using (3) and (4) . Now,
zp'jz) -(1 -A)zw'{z) p(z) [1 + Aw(z)][(l + w(z)]
An application of Lemma 2 and then Lemma 1 with C = 3 -2.A, B -1 and £> = A gives immediately the inequality stated in Theorem 2. We now show that the bounds are sharp. Let us choose g^z) 6 S*(Ύ) and F^z) e S*(a) defined by the formulas,
The corresponding f t (z) -2~1(fir 1 (z) J F 1 (z))' satisfies From the proof of Lemma 1 it is evident that the bounds P λ (r) and P 2 (r) will be attained only when Since A -a + Ύ -1^0 and s = -A, the last inequality is trivially true. Further, the bounds obtained in Theorem 2 are sharp and so the radius σ obtained above is also sharp for the family Q under consideration and this completes the proof of Theorem 3.
REMARKS. It should be noted that we have not used the full force of Lemma 1, in the proof of Theorem 3. Other conditions on F(z) and g(z) such as
U2 ; F^O) = 1, could be considered instead of F x {z) being in S*((a + τ)/2) as in Theorem 3. Problems with these conditions can be solved similarly by choice of suitable values for A, B, G in Lemma 1. Also the case <x + 7 > 1 left out in the theorem can be treated using the above estimates. Details relating to this case which involve difficult calculations will be published on another occasion. Further, from Theorem 3, it follows that if a + 7 = 1, the radius of /5-starlikeness of the family Q is given by σ -(1 -0)1 (2 + β) and this is a slight generalization of [3, Corollary 2 
